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Abstract 

The multiplet of superconformal anomalous currents in the case (1, 0), 
d — 6 is derived. The supersymmetric multiplet of anomalies contains the 
trace of the energy momentum tensor, the gamma trace of the supercurrent 
and some topological vector current with divergence equal to the i?-current 
anomaly. The extension of this consideration to the (2, 0) case and some 
application and motivation coming from AdS 7 /CFT e correspondence is dis- 
cussed. 
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1 Introduction 



AdS/CFT correspondence pQ provides a new tool for understanding the 
strong coupling dynamics of gauge theories. The most developed example is 
IIB string/ gravity on AdS§ x S 5 describing the large N dynamics of M = 4 
Super- Yang-Mills theory . The investigation of the anomalies [2] and the 
correlation functions in this approach H] is very important because their 
universal behavior with respect to the renormalization from the weak to the 
strong coupling regime f5j offers a unique possibility to test this correspon- 
dence using the free field approach in the gauge theory calculations. Another 
interesting example of this correspondence is AdS 7 / C FT 6 case describing du- 
ality between the M theory/lldSUGRA and the maximal supersymmetric 
(2,0) tensor multiplet in d=6 jH]- This theory deals with the low energy 
regime of N coincident M5-branes and has some mysterious properties like 
the absence of a free coupling parameter, the difficulties in the lagrangian 
formulation of the self-dual antisymmetric tensor field and its nonabelian 
generalization. The test of AdSj/CFT 6 includes the investigation of two- 
and three-point correlation functions of the energy-momentum tensor and 
vector R-currents [3IH1, renormalization properties of trace anomaly coeffi- 
cients in external gravitational and vector fields El] and the behavior of 
the R-current anomaly from the weak to the strong coupling limit ^T] . These 
investigations lead to some discrepancy in contrast to the AdS^/CFT^ case 
concerning the behavior of the coefficient of the Euler density term of the 
trace anomaly E| and the general structure of the R-anomaly in different 
energy limits ^T]. These phenomena still need further explanations. In this 
note we investigate the SUSY structure of the superconformal current mul- 
tiplet in d = 6 in the (1,0) case and discuss the (2,0) current and anomaly 
multiplets also. Our goal is to construct the multiplet of anomalies including 
the trace and the R-current anomalies as bosonic components in d = 6 using 
rigid SUSY algebra. This can help to understand the strange behavior of 
the anomalous coefficients during renormalization from the weak (free fields) 
to strong (AdS/CFT) coupling. The result described below is the following. 
The anomaly multiplet in d = 6 includes in one superfield the trace anomaly 
of the energy-momentum tensor, the gamma-trace of the supersymmetry cur- 
rent and the topological Chern-Simons current whose divergence is equal to 
the R-current anomaly. 
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2 Superconformal currents in the (1,0) case 
and the anomaly multiplet 

The conserved conformal supercurrent in the case d = 6, (1,0) case forms 
the scalar superfield J satisfying the third order conservation condition 1 [13 j 

D 3aijkj = e ^S D (i D ^ D k)j = Q ^ 

From this equation and the condition of closure of the SUSY algebra one 
can derive (see Ref.pS]) the independent components, their transformation 
and conservation rules. Here we will only list the independent components in 
ascending order of Weyl weights (dimensions) and present the conservation 
conditions. 



J 


off-shell scalar 


auxiliary field 


v& 


off-shell fermion 


auxiliary field 




C a p = C(a/3) 


off-shell auxiliary self-dual 
third rank tensor 


V a/3 


V af3 — v [a/3] ' 

fftfvV = 


conserved SU(2)-triplet 
R-symmetry current 


qi 


qi qi qi tpaafi qi pi 
°7,/3a — 7,[/3a]> J [-y,/3a] ~ ^ °a,P ~ u 

d Pa S^ 0a = 


conformal, conserved 
supersymmetry current 


-^67, fia 


Tfryfla = T[Sy],\J3a] — Tpafa, 

d^Tpafa = 0, Tsfapa] = T 0a 01 = 


conformal, conserved 
energy-momentum tensor 



(2) 



We want to deform (0) with some off-shell supermultiplet of anomalies 



D 3aijkj = A aijk^ (3) 

but with structure maintaining conservation of the supersymmetry current 
and energy-momentum tensor 

8^3*^ = , d 0a Tp aM = O (4) 

and violating the tracelessness and gamma tracelessness conditions of the 
latter and the conservation of the vector SU(2) R-current 

e^S^s^O , T a /V0 , ff#V$?0 (5) 

1 Our conventions and notations can be found in the Appendix 
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More precisely, we want to find a superfield with the last two levels (with 
Weyl weight 11/2 and 6) of independent components 

. . . ; C a ; 6 , v ij = v (lj) (6) 

which we can use for parametrization of the general anomaly superfield (J3J) 
and which leads to the violation of the conservation conditions (0) (the anal- 
ogous consideration for the gauge and gravitational anomalies in (1,0) d=6 
case can be found in Ref. ) . First of all we have to write a possible 
transformation of the set of fields © 

D j p C a = 5«(e ji O + v ji ) + M«e ji + M« m + . . . , (7) 

Die = - a -id a ?e, (8) 

D k a v' 1 = -be k ^id af3 ^, (9) 

M a = M a(ji) = q ( 1Q ) 

here dots in ((7|) replace derivative terms of unknown auxiliary fields with 
lower Weyl weights. The tracelessness conditions (jl(Jj) for the general anti- 
symmetric and symmetric part of transformation of £ ia are natural because 
we already extracted the 5^ trace of D 3 ^ ia in ((7|) as a bracket with our anoma- 
lies. Note that the presence in r.h.s. of equations (JBI) and © of only the 
derivatives of the lower spinor components expresses the lack of independent 
components of the anomaly multiplet with higher Weyl weights. Then we 
can try to fix the unknown coefficients a, b and possible configurations for 
the second rank antisymmetric tensor fields and Ma . Immediately we 
obtain the following restrictions 

£>j} 9 = ie ij d a/3 Q d x(a M$ j) = , dx la Mfa = (11) 
{D k a ,D l p }v ji = ie M d a ^ i ^d x{a M^ = , dx [a M^ = Q (12) 

So we obtain for both tensor fields not only a Bianchi identity (symmetric 
second rank equations) leading to the corresponding vector field potentials, 
but get another two restrictions (antisymmetric second rank equations) lead- 
ing to the on-shell conditions for these potentials. So we prove the statement: 
There is no off-shell supermultiplet of fields containing the set of anomalies 
(0) as highest Weyl weight independent components. 
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Nevertheless we will try to construct the analogy of the well known rela- 
tion in the case N = 1, d = 4 for the anomalous currents 



D & J adl = D a A, D^A = (13) 

looking for the possible multiplets with off-shell and absolutely unrestricted 
components (even without Bianchi identities or conservation condition). This 
type of multiplet could play the role of the chiral multiplet in d = 4 (|T3~j) ex- 
pressing anomalies in N=l, and also in N=2 cases. But in d = 6 there is no 
chiral multiplet, instead we have here only one known irreducible supermul- 
tiplet with unrestricted independent components. It is the £77(5) 5 superfield 
jjjki _ jJ%jH) cons trained with the following superfield condition 

D (i L jkim) _ q ( 14 ) 
but containing only the off-shell and unconstrained components 



L ijkl X jkl = D Tij 



hi 



a 



Gt = D PiK kl , C 5 = ^ a5 D^G j j a , e = D a £ a (15) 

This multiplet was considered in Ref. [13], [IZj and used in Ref. [TH] for 
the construction of gauge anomalies in the (1, 0) case (the so-called relaxed 
hypermultiplet |16j). The same superfield we can use for the quantum defor- 
mation of the conservation relation in the following way 

D 3aijkj = _2e ait5& id lP \f = Md Pa D pi L m (16) 

So we express the general anomaly in (J3J) by mixing the conformal current 
multiplet © with the SU(2) 5 superfield (JT3J). 

Note that this equality itself concerns the usual derivative and does not lead 
directly to the relation between the traces of the current multiplet and com- 
ponents of L l ^ kl (such as in d=4 case (|13j) \ However exploring the relation 
(I16|) and the condition of closure of the supersymmetry we obtain the fol- 
lowing relations for the transformations of the components and the set of 
conservation conditions: 
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J 



L ijki. 

jjnj^ijkl 



_ r n(i \jkl). 

5 a ' 



r> k V ji — r k( - j - - 



k(j^i)S 



6 p i(j n kl) 
I 6 



\d/3 a L ijkl ] 



2 



5, 



iy «5 D 7,/3" 



1 .. l .. 



DlTf 



57, /3a 



= — -id\x\ n S, 



e + 3T, 



13a 



= 



[s[aSl M - 2id £[s Sl /lfSa - 2id £[(3 S l alSy - -id 5l S l £j5a - -idp a Sl 







/3q,7<5 



= 



where we mark the important conservation conditions and the relations be- 
tween the previously independent components by using frames. Thus we ob- 
tain the following result: The multiplet of anomalies in the six dimensional 
case includes the trace of the energy-momentum tensor (Q), the gamma-trace 
of the supercurrent (£ ia ) and some SU (2) triplet of the vector currents G 1 ^ 
restricted to express the R-symmetry anomaly by it's divergence. But the 
R-symmetry anomaly is kind of the chiral anomalies and hence it is some 
linear combination of parity-odd topological invariants constructed from the 
external fields. Therefore we can always express this type of anomaly in 
the form of the divergence of some topological vector currents dual to the 
Chern-Simons forms in one dimension less. 

*(F A F A F) ~ d a trie abcdef A b F cd F ef + ) (24) 

Changing to the usual notations we can say that the following objects are 



6 



the components of the single superfield 

= B% U L^ 1 = Y1TI , (25) 
C a = D^L ijk = 3S p ^ a , (26) 
G% = Dl m l}i kl , with d^G% = Ad a V? (27) 

Of course these relations are dependent on the initial normalization of the 
currents in the superconformal current multiplet (J2J). 



3 Discussion of superconformal currents and 
anomalies in (2,0) case 

First of all we note that the previous statement about the absence in the 
case of six dimensional (1,0) of an off-shell supermultiplet with highest in- 
dependent weight components corresponding to the trace and R-symmetry 
anomalies is valid in the (2,0) case also. We have just to replace all SU{2) 
R-symmetry indices with USp(4) and consider instead of Ma the antisym- 
metric tensor Mg^\ We will come again to the on-shell condition from the 
closure of the SUSY algebra. Nevertheless in this case the supermultiplet 
of conserved conformal currents exists and is described again by the scalar 
superfield but now the 14 of the USp{A) J l 3> kl , with the following set of 
properties and constraints 

jijM = j[ij],[ki] = jki,ij ^ foM^.. = o j J l ^ kl e l]ki = (28) 

D mjij,kl = n m[i x j],M + ^Qijx™> kl + Q m l k \ W + -n kl \™>v (29) 

yn,kl = yn,[kl] ^ \^ kl = , A^O mfe = (30) 

The components of this conserved superconformal current multiplet of (2, 0) 
theory were listed for the first time in Ref. jT3| 
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jij,kl 


14 of C/Sp(4) off-shell scalars see ® 


auxiliary field 


a 


16 of Z7 5p(4) off-shell fermion see (1301) 


auxiliary field 




C a pQij = 


off-shell auxiliary self-dual 
third rank tensor 


yij 


K a/3 — V [a/3]' 

= 


conserved 10 of USp(4) 
R-symmetry current 




Qi Qi Qi yact/3 Qi n 
°7,/3a — °7,[/3q]' °[7,/3a] — ^ °a,/3 ~ U 

d Pa Si 9a = 


conformal, conserved 
super symmetry current 


-^67, f3a 


d^Tp^ = 0, 7tf[ 7)j g a ] = T 0a ^ a = 


conformal, conserved 
energy-momentum tensor 



(31) 



and the transformation rules and the coupling with conformal supergravity 
were considered in Ref. [T%] . Following the previous section we could try to 
deform the superfield conservation condition introducing the superfield 



j^m,[ij],[ki] eX p ressec j through some off-shell multiplet of anomalies containing 



d a/3 G l ; 



dPPVai and the super- 



a topological Chern-Simons current G\^k , <-> ^ a p 
symmetry and the trace anomalies £ ia and 0. Unfortunately the structure 
of the off-shell multiplets in the maximal extended (2,0) case is not well un- 
derstood and we can not present here the full solution of this problem, but 
a partial answer is the following. 



D^e a 

Qa-yji 



i/3 



6 



QOt-yj 

5 

Q[a~f\(ji) (ja-jj 

sjf^W 1 + ... 



- -o~pit> 1() 
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(32) 
(33) 

(34) 
(35) 



Note that the coefficients in f!32[) and ()33)1 and the presence of the new aux- 
iliary tensor field C a @™ are necessary from the condition of the closure of 
supersymmetry algebra on and Unfortunately we can not present the 
complete tower of auxiliary fields 2 , but can predict that if this supermultiplet 

2 the dots in (|34J) and l|35|l mean the possible derivatives of the next fermion field 
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of anomalies exists, the relation between different anomalies has to remain 
in the same way as in (|25 |) - (j27|) . For comparison let us remember the d = 4 
N = 2 and N — 1 cases. In the N = 2 case the conformal conserved currents 
and anomalies described by just a scalar real superfield and N = 2 chiral 
multiplet correspondingly (see e.g. and ref. there) with the following 
anomalous relation 

D ijj = pij S ,DiS = (36) 

The N = 2 anomaly multiplet S is in the language of N — 1 superfields 
equivalent to the chiral scalar and vector multiplet. So the N = 1 anomaly 
multiplet A in Eq. (J 13)) can be identified with this scalar chiral part of 
the N = 2 chiral superfield. It means that the trace anomaly and U(l) 
part of SU(2) R-symmetry anomaly of the N = 2 theory form this N = 1 
superfield with the same relative coefficients, and extension of SUSY just 
adds a deformation to the conservation laws of additional components of 
supercurrent and R-current. Of course as an artefact of this splitting to 
N — 1 superfields we will get the Konishi anomaly. 

Something like this we can expect in six dimensions. It means that 
our (1,0) anomaly multiplet L^ kl could be some part of an unknown (2,0) 
anomaly multiplet superfield if we will consider that in the language of the 
(1,0) superfields. This consideration is in progress and will be studied else- 
where. The concrete application of our result to the explanation of the 
behavior of the anomaly coefficients of (2, 0) multiplet also needs additional 
considerations. Another interesting task connected with the latter is to ex- 
press the anomaly superfield through the linearized external conformal su- 
pergravity (so-called Weyl multiplet) and find the superfield generalization of 
the Euler density and the Weyl invariant combination of curvature [2] which 
in d — 6 possibly contribute to the conformal anomaly. 
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4 Appendix 

Notation and Convention 

We use the normalized antisymmetrization [. . . ] and symmetrization (...) 
of all type of indices. Latin indices a, b, c, ... = 1,2,. .6 we use for usual 
50(1,5) tensors and Greek indices a, (3, 7, ... = 1,2,3,4 for spinor SU(4). 
The convention for d = 6 symplectic Majorana-Weyl spinors is j!4j : 

= OyBjVj, B*B = -1 (A.l) 

Here in the (1, 0) case i?-symmetry group indices i, j, k, .. belong to SU(2), 
(i,j,..=l,2) and the corresponding invariant symplectic metric flij = Eij. In 
the (2, 0) case the corresponding i?-symmetry group is U Sp(4), (i,j,..=l,2,3,4) 
and we have two symplectic tensors f^- and e^i = 30^-11^]. But in both 
cases the existence of the unitary matrix B (JA.1J) which transfers dotted and 
undotted indices allows us to formulate everything without dotted SU(4:)* 
indices using only d = 6 chiral SUSY algebra 

{D^D^} = iVL ij d aP (n lj = e ij in the (1,0) case) (A.2) 

d a/ 3 = ^ a pd a and £% is the set of 6 antisymmetric sigma matrices coming 
from the definition of usual d = 6 gamma matrices in the following way with 
the corresponding normalization and completeness rules [T3~] 

( s a . 

r a = a(3 
^a^bap = _ 4r] ab 



Following this definition we can present a table of conversion and rules for 
corresponding tensors and spin-tensors. 



V a 


Vaf3 — —Vp a 


F a b = —Ff, a 


pa pa _ n 


^abc — <~r[abc] — <^abc 


Ga t 8 = G( a p) 


^abc — ^[abc] ~ — ^abc 


Qap = Q{aP) 


Tab = T( ba ), T£ = 


T a p tJ S — T y s, a p = 7]a/3],[7<5], T[ a p tJ $] = T a [p^s] — 


(s a ) a , v?s a r=o 
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+, 



(A.3) 

(A.4) 

(A.5) 
(A.6) 



In addition we will present some useful formulas and relations 

V aP = ~e Q/37 % , V aP = l -e a ^ 5 (A.7) 

d [ei V Pa] = ^e £lf3a d^ u , 3^ = ^^ (A.8) 

d^d Xv = \d^8l , U = -d a d a = - 4 d^ (A.9) 

For the (1, 0) case we used SU{2) index rules which are presented here 

V l = e l %, V i = V*e ji (A.10) 

e^e tk = 5l , e [l] V k] = (A. 11) 

yk(i £ j)l _ yl(i £ j)k _ yij £ kl ^ yij _ y(ij) (A. 12) 

y(ij £ k)l _ y(ij £ l)k _ jiyij £ kl (A. 13) 

Some formulas for the (2,0) case {USp{A) R-symmetry case)are: 

v l = n ij Vj , Vi = vmji (A.u) 

n i[3 n m = l -e^ kl , e ^ H V^=0 (A.15) 

Qlij^kl] = (p[ij$k]l _ Qllk$ij]j = o (A.16) 

if = an d = (A. 17) 
Multiplications of the derivative operators give: 

D l a D 3 p= l -e^d aP + 6^0^+0^ for (1,0); (A.18) 

KD j p = Itffdap + WD {aP) + Dgg, + D^, (A. 19) 



Q^D^ = for (2,0). 
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